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PART I  

DISCRETE VS CONTINUOUS 

 Discrete Continuous 

Random Variable (X)  Obtained by Counting 

 Countable 

 Obtained by Interval  

 Uncountable 

Examples  Roll a Dice 

 Toss a Coin 

 Number of Arrivals per minute 

 Diameter of ball bearings 

 Lifetime of a bulb 

 Weight of a person 

 The length of time between arrivals at a 
hospital clinic 

Probability Distributions  Uniform 

 Bernoulli (e.g. 1 coin toss) 

 Binomial (multiple Bernoulli – i.e. 
multiple coin tosses) 

 

 

 

 

 Geometric 

 Poisson (relative of Binomial…it 
is used to approximate Binomial 
when n is large and p is small). 

 Uniform 

 

 Normal (cousin/lookalike of Binomial) 

o Student’s t – an approximation 
of the Normal (small sample 
size) 

o Triangular - a wannabe Normal 
(almost no data but just guess!) 

 Gamma (not explained here). Gamma 
distribution gave birth to three cases: 

o Exponential (cousin/lookalike 
of Geometric) 

o Erlang (not explained here) 

o Chi-Square (which gave birth 
to) 

 F distribution (a 
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byproduct of Chi 
Square) 

What does IID mean?   IID: Independent and Identically Distributed 

 It is commonly assumed that observations in a sample are i.i.d. 

 Examples: 

o A sequence of fair dice rolls is i.i.d. 

o A sequence of fair coin flips is i.i.d. 

 Let 𝑌1,𝑌2,⋯,𝑌𝑛 represent independent random variables with a common p.d.f. 

𝑓(𝑦;𝜃).  

 Imagine 𝑌1,𝑌2,⋯,𝑌𝑛 are independent draws from the same population.  

 Because 𝑌1,𝑌2,⋯,𝑌𝑛 are drawn independently, these are independent random 
variables. 

 Since they are drawn from the same population, they have identical 
distributions. 

 The i.i.d. assumption is important in the Central Limit Theorem (CLT), which 
states that the probability distribution of the sum of i.i.d. variables with finite 
variance approaches a normal distribution. 

Display Memoryless 
Property 

 Geometric  Exponential 

Special Case: The Poisson 
Process 

 How does Poisson Process relate to Poisson distribution and Exponential 
Distribution? 
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 λ: Fixed Arrival Rate 

 T: Time between Two Successive Events (Random variable)  

 X: Number of events that occur during a time interval of length t (Random 
Variable) 

 Explained more in detail in later sections… 

PMF or PDF? Probability Mass Function (PMF) 

 

Probability Density Function (PDF) 

 

 

Cumulative Distribution 
Function (CDF) 

Both Same = CDF 

 

Both Same = CDF 

 

Expectation / Mean    E X xP x      E X xf x dx    
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Variance  

 

   

2

2

2*

Var X

E X

P x x









  
 

 

 

 

 

   

2

2

2*

Var X

E X

f x x dx









  
 

 

 

Additional Properties 

 

If Y = aX + b 

Then E (Y) = E (aX +b) = aE(X) + b 

Var (Y) = Var (aX + b) 

= a2 Var (X) 

Var (X) = E (X2) – [E (X)]2 

Mean Sum of RV E (X1 + X2 + … + Xn) = E (X1) + E (X2) + … + E (Xn) 

Sum of Variances (only if 
RV are independent) 

Var (X1 + X2 + … + Xn) = Var (X1) + Var (X2) + … + Var (Xn) 

Difference between 
Means 

E (X – Y) = E (X) – E (Y) 

Difference between 
variances (only if RV are 
independent) 

Var (X – Y) = Var (X) + Var (Y) 
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PART II   

DISCRETE DISTRIBUTIONS  

A. UNIFORM (DISCRETE) DISTRIBUTION 

HOW IT LOOKS LIKE 

 

Figure 1: Uniform (Discrete) distribution – Probability Mass Function (PMF)  

 

 

Figure 2: Uniform (Discrete) distribution – Cumulative Distribution Function (CDF)  

Where:  

 n: Total Number of Occurrences/Trials  

 x: Particular Trial (a: 1st Trial; b: Last Trial) 
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FORMULAS 

X ~ Uniform (a, b) 

Probability Mass Function (PMF) 
 

1
P X

n
  

Cumulative Distribution Function (CDF) 
 

1

1

x a
F X

b a

 


 
 

Expectation / Mean 
 

2

a b
E X


  

Variance  

 

2

2
1 1

12

Var X

b a



  


 

 

EXAMPLES 

Question: 

 Given a perfect dice, find: 

 
 P(X = 2),  

 P(X ≥ 2) and  

 P(X = even).  

 What are the mean and standard deviation of X? 
 

Solution: 

 P(X = 2) = 1/6 

 P(X ≥ 2) = 1 - P(X = 1) = [ 1 - 1/6] = 5/6 

 P(X = even) = P(X = 2) + P(X = 4) + P(X = 6) = 3/6 

  
 

APPLICATIONS 

 Rolling a Dice 
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B. BERNOULLI DISTRIBUTION 

HOW IT LOOKS LIKE 

0 1

p

1-p

P(X)

X

 

Figure 3: Bernoulli distribution – Probability Mass Function (PMF)  

0 X

F(X)

1-p

1

1

p

 

Figure 4: Bernoulli distribution – Cumulative Distribution Function (CDF)  

 

Where:  

 p: Probability of Success  

 1-p: Probability of Failure 
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FORMULAS 

X ~ Bernoulli (p) 

Probability Mass Function (PMF) P(X) = 1 – p  when x = 0 

P(X) = p when x = 1 

Cumulative Distribution Function (CDF) F(X) = 0 when x < 0 

F(X) = 1 – p when 0 ≤ x < 1 

F(X) = 1 when x ≥ 1 

Expectation / Mean  E X p   

Variance  

 

2

1

Var X

p p



 
 

 

EXAMPLES 

Question:  

 Given that the probability that an archer hits the target with each arrow he shoots is 0.85. 

 Suppose that a random variable Y is defined to take the value 1 when the archer hits the 

target and 0 when she misses.  

 What is the mean of the random variable Y? 

 

Answer:  

 Since Y ~ Bernoulli (0.85), the mean of Y is 0.85. 

 

APPLICATIONS 

 Coin Toss: Head or Tails 

 Exam: Pass or Fail 

 Business: Success or Failure  
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C. BINOMIAL DISTRIBUTION 

(Multiple Bernoulli) 

HOW IT LOOKS LIKE 

 

Figure 5: Binomial distribution – Probability Mass Function (PMF)  

 

Figure 6: Binomial distribution – Cumulative Distribution Function (CDF)  

Where:  

 n: nth trial  

 N: Total number of trials 

 p: Probability of Success for each trial 



www.AlvinAng.sg

14 | P A G E  

COPYRIGHTED BY DR ALVIN ANG 

WWW.ALVINANG.SG 

FORMULAS 

X ~ B (n, p) 

If X ~ B (1, p) i.e. n = 1 trial, then X becomes 
Bernoulli distirbution again.  

X ~ Bernoulli (p) 

Probability Mass Function (PMF)     1
n xn x

xP X C p p


   

Where: 

 n: Total number of Trials 

 x: Number of Successes 

 p: Probability of Success of each Trial 

 
 

!

! !

n

x

n
C

x n x



 

Cumulative Distribution Function (CDF)    

  
0

1
x

n in i

i

i

F X P X x

C p p




 

 
 

Expectation / Mean  E X np   

Variance  

 

2

1

Var X

np p



 
 

 

EXAMPLES 

Question:  

 Suppose the proportion of teenage smokers is 0.2 (meaning, probability of successfully 
choosing a teenage smoker p = 0.2).  

 Consider a random sample of size n = 3. 

a) Find the probability that all are smokers. 
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b) Find the probability that only one is a smoker. 

 

Solution: 

 Let X = no. of smokers in a random sample of 3.  

 We denote “success” to be smoker, and denote “failure” to be non-smoker. 

 a)      
3 3 33

33 0.2 0.8 0.008P X C


    

 b)      
1 3 13

11 0.2 0.8 0.384P X C


    

 

Question:  

 Now Y = no. of smokers in a random sample of size n=10. 

 What is the probability P(Y ≤ 2)? 

 

Solution: 

 Let Y ~ B (n=20, p=0.2) 

 

       

           
0 10 1 9 2 810 10 10

0 1 2

2 0 1 2

0.2 0.8 0.2 0.8 0.2 0.8

0.678

P Y P Y P Y P Y

C C C

      

  



 

 

APPLICATIONS 

 15 Coin Tosses: H, H, H, T, H, T, H…. 

 Take 5 Exams: P, F, P, P, F  
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EXCEL FUNCTION 

BINOM.DIST (k, n, p, cum) 

 k: number of successes we wish to see 

 n: number of trials 

 p: probability of success of each trial 

 cum = 0: probability of exactly k successes 

 cum = 1: probability of up to k successes 

 Example: 

o X = number of heads 

o n = 5 coin tosses 

o p = 0.5 

o X ~ B(5, 0.5)  

 Find:  

o P (0 < X < 2) = BINOM.DIST (2, 5, 0.5, 1) 

o P (X = 4) = BINOM.DIST (4, 5, 0.5, 0) 
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D. GEOMETRIC DISTRIBUTION 

HOW IT LOOKS LIKE 

 

Figure 7: Geometric distribution – Probability Mass Function (PMF)  

 

Figure 8: Geometric distribution – Cumulative Distribution Function (CDF)  

Where: 

 p: Probability of Success 

 How to read the graph:  

o Take for example p = 0.8.  

o When x = 1 (the first attempt)  success! Probability is 0.8.  

o When x = 2 (2 attempts: fail, success)  Probability is 0.2 x 0.8 = 0.16 



www.AlvinAng.sg

18 | P A G E  

COPYRIGHTED BY DR ALVIN ANG 

WWW.ALVINANG.SG 

o When x = 3 (3 attempts: fail, fail, success)  Probability is 0.2 x 0.2 x 0.8 = 
0.032 

FORMULAS 

X ~ Geo (p) 

Probability Mass Function (PMF)    
1

1
k

P X p p


   

Where: 

 k: 0 , 1, 2, …Total number of Trials 

 p: Probability of Success  

Cumulative Distribution Function (CDF)    

 
1

1 1
k

F X P X x

p


 

  
 

Expectation / Mean 
 

1
E X

p
  

Variance 
  2

1 p
Var X

p


  

 

MEMORYLESS PROPERTY 

 Only two kinds of distributions are memoryless:  

o Exponential distribution  

o Geometric distribution. 
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  Each new attempt has a (1/500) chance of succeeding, so the person is likely to open 
exactly one safe sometime in the next 500 attempts – but with each new failure they make no 
"progress" toward ultimately succeeding.  
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 If, instead, this person focused their attempts on a single safe, and "remembered" their 
previous attempts to open it, they would be guaranteed to open the safe after, at most, 500 
attempts. 

 Real-life examples of memorylessness:  

o the time a storekeeper must wait before the arrival of their next customer. 

 

EXAMPLES 

Question: 

 The probability that an air force pilot cadet passes the written test for the pilot’s licence 

is 0.7.(p = 0.7)  

 Determine the probability that the cadet will pass the test:  

o (a) on the fourth attempt, and  

o (b) before the fifth attempt. 

 

Solution: 

Using the geometric distribution: 

a)      
3

4 0.3 0.7 0.0189P N     

b)      
4

1

1

5 0.3 0.7 0.992
x

x

P N




    

 

APPLICATIONS 

 How many times to flip coin until is heads? 

 How many times to give birth until get a boy? 
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E. POISSON DISTRIBUTION 

(Relative of Binomial) 

HOW IT LOOKS LIKE 

 

Figure 9: Poisson distribution – Probability Mass Function (PMF)  

 

Figure 10: Poisson distribution – Cumulative Distribution Function (CDF)  

Where:  

 x: Number of Occurrences.  

 (x has to be an integer. The connecting lines are only guides for the eye.) 

 µ: Expected / Mean Number of Occurrences (need not be an integer).  
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  Mean E X t     

 λ: Rate of Occurrence (Occurrences per unit time). 

 t: Duration of Occurrences (e.g. 5 seconds) 

 For Poisson Distribution, actually    E X Var x   

 

FORMULAS 

X ~ Poisson (µ=λt) 

Probability Mass Function 
(PMF) 

  

 

!

x

P N t x

P X x

e

x

 



 



 

Where: 

 X = N(t) = Number of Arrivals in time t 

 µ = λt = Average number of arrivals 

Cumulative Distribution 
Function (CDF)  

!

ix

i

F X e
i

    

Expectation / Mean  E X   

Property of the Mean        1 2 1 2... ...n nE X X X E X E X E X        

Variance        1 2 1 2... ...n nVar X X X Var X Var X Var X        
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EXAMPLES 

Question 1:  

 Any page of a technical manuscript contains 3 kinds of errors:  

o typographical,  

o spelling and  

o Presentation errors.  

 Assume a Poisson distribution for each kind of error.  

 The average number of typographical, spelling and presentation errors per page are  

o 2.6t   

o 1.5s   

o 0.7p   

 A) Find the mean number of errors (all kinds) per page.  

 B) Find the variance of the number of errors (all kinds) per page. 

 C) Find the probability that a particular page is free of errors (all kinds). 

 D) In a 10-page document, find the probability that there is only 1 page that is free from 

errors (all kinds). 

 E) A long manuscript is checked page by page for errors. Find the probability that the 

first page that is found to be error-free is the 8th page. 

 

Answer:  

Let  

X1: Number of Typo errors per page (X1 ~ Poisson ( 2.6t  )) 

X2: Number of Spelling errors per page (X2 ~ Poisson ( 1.5s  )) 

X3: Number of Presentation errors per page (X2 ~ Poisson ( 0.7p  )) 

 

Let 

Y = X1 + X2 + X3 = Number of errors per page (any kind) 

 

A. E(Y) = E(X1) + E(X2) + E(X3) = 2.6 + 1.5 + 0.7 = 4.8 

B. V(Y) = V(X1) + V(X2) + V(X3) = 4.8 

* assuming all 3 kinds of errors are independent 
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C. 

 

 

 4.8 0

a page is free from error

0

4.8

0!

0.00823

P

P Y

e

 





 

D. Let W = Number of pages free from error out of 10 

 

W ~ Binomial (n=10, p=0.00823) 

 

 

   
1 10 110

1

1

0.00823 1 0.00823

0.0764

P W

C




 



 

 

E. Let N = Number of pages checked until an error-free page is found 

 

N ~ Geometric (p = 0.00823) 

 

 

   
7

1

1 0.0823 0.00823

0.0077

P N 
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Question 2:  

 Patients arrive at average of 6 per hour (following Poisson distribution). 

 Meaning X ~ Poisson (
60min 6  ) 

 What is Probability of 4 arrivals in 30 minutes?  

 

Answer:  

In 1 hour ~ 6 arrivals 

In 30 minutes ~ 6/2 = 3 arrivals 

Note: in previous case, per unit time t was 1 hour 

Now, per unit time t/2 is 30 minutes 

Thus, new X ~ Poisson (
30min 3  ) 

Answer =  
  3 43

4 0.168
4!

e
P X



    

We can also use excel function POISSON.DIST (k, λt, CUM) 

Where: 

 t: time period of interest 

 λ: Poisson mean per unit of time 

 k: number of events observed 

 CUM = 0: for exact probability 

 CUM = 1: for cumulative probability 

 The hand equivalent for the excel function is:  
  

!

xte t
P X x

x

 

   

P(X=4) = POISSON.DIST (4, 3, 0) = 0.168 
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Question 3:  

 Patients arrive at average of 6 per hour (following Poisson distribution). 

 Meaning X ~ Poisson (
60min 6  ) 

 What is Probability of 4 arrivals in 30 minutes?  

 

Answer:  

In 1 hour ~ 6 arrivals 

In 30 minutes ~ 6/2 = 3 arrivals 

Note: in previous case, per unit time t was 60 minutes.  

Now per unit time t/2 is 30 minutes.  

 
 
!

xte t
P X x

x

 

   

 
 

43 3
4 0.168

4!

e
P X



    

We can also use the Excel function POISSON.DIST (k, λt, CUM) 

Where: 

t: time period of interest 

λ: mean of Poisson distribution 

k: number of events over time t 

CUM = 0: calculate the exact probability 

CUM = 1: calculate the cumulative probability 

Thus, POISSON.DIST (4, 3, 0) = 0.168 
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Question 4:  

 Number of car arrivals per hour: X ~ Poisson (
1 13.5 carshour  ) 

 Find (a) Probability that exactly 14 cars arrive in 1 hour. 

 Find (b) Probability that between 20 and 23 cars (inclusive) will arrive during 2 hours. 

 Find (c) Probability that within 3 hours,  

o Exactly 10 cars arrive in 1st hour 

o Exactly 12 cars arrive in 2nd hour 

o Exactly 14 cars arrive in 3rd hour 

 

Answer:  

a)  
 1

1

!

hour
x

houre
P X x

x

 

   

 
 

1413.5 13.5
14

14!

e
P X



   

 

b) In 1 hour ~ 13.5 car arrivals 

In 2 hours ~ 27 car arrivals 

Thus 
2 27 carshours   

Since CDF of Poisson distribution is  
!

ix

i

F X e
i

     

 
2023

27

20

27
20 23

20!
F X e     

c) In 1 hour ~ 13.5 car arrivals 

In 2 hours ~ 27 car arrivals 

In 3 hours ~ 40.5 car arrivals 

Thus 
3 40.5 carshours   
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 1

1

!

hour
x

houre
P X x

x

 

   

Probability that exactly 10 cars arrive in 1st hour =  
 1

1

!

hour
x

houre
P X x

x

 

   

=  
 

1013.5 13.5
10

10!

e
P X



   

 

Probability that exactly 12 cars arrive in 2nd hour =  
 2

2

!

hours
x

hourse
P X x

x

 

   

=  
 

1227 27
12

12!

e
P X



   

 

Probability that exactly 14 cars arrive in 3rd hour =  
 3

3

!

hours
x

hourse
P X x

x

 

   

=  
 

1440.5 40.5
14

14!

e
P X



   

 

APPLICATIONS 

 Number of Arrivals within a time interval 

 Number of Failures / Errors within a time interval  
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PART III  

CONTINUOUS DISTRIBUT IONS  

A. UNIFORM (CONTINUOUS) DISTRIBUTION 

HOW IT LOOKS LIKE 

 

Figure 11: Uniform distribution – Probability Density Function (PDF)  

 

 

Figure 12: Uniform distribution – Cumulative Distribution Function (CDF)  
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FORMULAS 

X ~ U (a, b) 

Probability Density Function 
(PDF)  

1
P X

b a



 

Cumulative Distribution 
Function (CDF)  

 

 

If x < a, then 

If a < x < b, then  0

If  x b, then F 1

x a
F X

b a

F X

X








 

 

Expectation / Mean 
 

2

a b
E X


  

Variance 

 
 

2

12

b a
Var X
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EXAMPLE 

Question:  

 Assume that the maximum daily temperature of an island is uniform over the interval 
(28, 37). 

 A) Find the mean maximum daily temperature.  

 B) Find the probability that the maximum daily temperature is more than 30 on a 
particular day. 

Solution: 

 Let X = maximum daily temperature 

 Then  
1 1

37 28 9
f x  


 

 A)  
28 37

32.5
2

E X


   

 B)  
37

30

1 7
30

9 9
P x dx    

 

APPLICATIONS 

 Used in situations where we don’t have previous knowledge of any probability 
distribution. 

 When will the business call come? Anytime between 10 am to 2pm. 

 When will the customer arrive? Anytime between 9am to 930am.  
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B. NORMAL DISTRIBUTION 

(Cousin of Binomial) 

HOW IT LOOKS LIKE 

 

Figure 13: Normal distribution – Probability Density Function (PDF)  

 

Figure 14: Normal distribution – Cumulative Distribution Function (CDF)  
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FORMULAS 

X ~ N (μ, σ2) 

Probability Density Function 
(PDF) 

 

2
1

21

2

x

P X e





 

  
  

     

Cumulative Distribution 
Function (CDF) 

1
1

2 2

x
erf





  
  

  
 

Expectation / Mean 

 
X

E X
N

 


 

Variance 

 
 

2

2
X

Var X
N





 


 

Properties  Central Limit Theorem (CLT)  Refer to Ang (2018) 

 Empirical Rule  Refer to Ang (2018) 

 Skewness  Refer to Ang (2018) 

Z Distribution  If X ~ N (μ, σ2) then Z ~ N (0,1) 

 
X

Z





  

Sum of Independent Normal 
RV 

 X1 + X2 + X3 ~ N ( μ1 + μ2 + μ3, σ1
2 + σ2

2 + σ3
2 ) 
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USING NORMAL DISTRIBUTION TO APPROXIMATE THE BINOMIAL DISTRIBUTION 

 Since Normal (continuous) is the cousin of Binomial (discrete), we can use it to approximate 
it…. 

 The key purpose is for easier calculation (using the Standard Z Normal Table). 

 The criteria is:  

o 5np   

o  1 5n p   

o Where n: Sample Size 

o p: Probability of Success 

 In other words,  

o Since Binomial is Success/Fail 

o If the Probability of Success is p, and it meets the above criteria, 

o We can convert the Binomial into  Normal Distribution 

 Thereafter, we can use the Standard Z table to get answers for the “Normally Approximated 
Binomial” Distribution! 
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WHY DO WE NEED TO CONVERT X TO Z? 

 

Answer:  

 To have a standard platform for proper comparison. 

Example:  

 Alvin's Math exam got 65 marks.  

 Ivan's English exam got 80 marks. 

 Does this mean that Ivan scored better? 

 We can't tell because they are difference subjects.  

 Presume Math Class marks ~ N (60, 42)  

 English Class marks ~ N (79, 22)  

 Since 
X

Z





 ,  

 then 
80 79

0.5
2

AlvinZ
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 and 
65 60

1.25
4

IvanZ


   

Normal Distribution 
Curve

0

Z

0.5 1.25

 

 Since 
Alvin IvanZ Z , thus Ivan scored better.  
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Z TABLE 
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EXAMPLE 

Given:  

  2~ 2,3X N  

Find:  

A) P (X ≤ 5.15) 

B) P (2.75 ≤ X ≤ 5.15) 

 

Answer: 

A. 

 

 

5.15

2 5.15 2

3 3

1.05

0.8531

P X

X
P

P z



  
  

 

 



  Refer to Z Table Above 

 

B. 

 

 

   

2.75 5.15

2.75 2 2 5.15 2

3 3 3

0.25 1.05

1.05 0.25

0.8531 0.5987

0.2544

P X

X
P

P Z

P Z P Z

 

   
   

 

  

   

 



 Refer to Z Table Above 
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Question:  

 Let X be the maximum daily temperature of a tropical island expressed in °C.  

 The mean of X is 33 and variance of X is 2.  

 Let Y denote the temperature expressed in °F. 

 

Given that: 
9

32
5

Y X   

Find:  

 The mean and variance of Y.  

 

Answer:  

   33E X   

   2Var X   

 

 

   

 

9
32

5

9
33 32

5

91.4

E Y E X  

 



 

 

 

   

 

2

2

9

5

9
2

5

6.48

Var Y Var X
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Question:  

 If X1 ~ N (60, 52) 

 If X2 ~ N (50, 42) 

 And both X1 and X2 are independent 

Find:  

 P ( X1 + X2 > 120 ) 

 

Solution:  

 
 

 

2 2

1 2 ~ 60 50,5 4

110,41

X X N

N

  


 

 

 

 

 

   

1 2

1 2

1 2

120

110 120 110

41 41

110
1.56   where  ~ 0,1

41

0.0594

P X X

X X
P

X X
P z z N
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EXCEL FUNCTION 

NORM.DIST (a, b, c, d) 

 a: value for which you wish to calculate the probability 

 b: mean = µ 

 c: standard deviation = σ 

 d = 0 : height of the curve 

 d = 1: cumulative probability  

 Example:  

o µ= 100  

o σ= 5  

o  X ~ N( 100, 52) 

 Find:  

o P(X < 60) = NORM.DIST( 60, 100, 5, 1) = 6.66 E-16 

o P(X > 90) = NORM.DIST( 90, 100, 5, 1) = 0.977 

o P(110 < X < 145) = NORM.DIST( 145, 100, 5, 1) – NORM.DIST( 110, 100, 5, 1) 
= 0.023 

 

 Example: X ~ N(0 ,1) (which means that it has been converted to the Z scale) 

 Use: NORM.DIST(z, 0, 1, 1) where z is 
X

z
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NORM.INV(a, b, c) 

 a: the cumulative probability which you require a percentile 

 b: mean = µ 

 c: standard deviation = σ 

 Example:  

o X ~ N(100, 52) 

 Find:  

o P( X < x) = 0.95 

 x = NORM.INV (0.95, 100, 5) = 108.2 

o P(X>x) = 0.6 

 x = NORM.INV (0.4, 100, 5) = 98.73 
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C. STUDENT’S T DISTRIBUTION 

HOW IT LOOKS LIKE 

 

Figure 15: Student’s t distribution – Probability Density Function (PDF)  

 

Figure 16: Student’s t distribution – Cumulative Distribution Function (CDF)  

Where:  

 t-distribution is used to estimate the mean of a normal distribution 

 Is used where  
o the sample size is small (n < 30) and  
o The population standard deviation (σ) is unknown.  

 V = n-1 Degrees of Freedom (DOF) 
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WHAT IS DEGREE OF FREEDOM (DOF)?  

 

Option Expected Probability 

A 25% 

B 25% 

C 25% 

D 25% 

 

 For example, MCQ has 4 options, each with equal probability 

 P(A) = P(B) = P(C) = P(D) = 25% 

 Presume we only know P(A) = P(B) = P(C), can you know the P(D)? 

 Definitely because all probability = 100%. 

 Thus, the DOF is 4-1 = 3.  

 

WHY IS DENOMINATOR FOR SAMPLE VARIANCE ALWAYS DOF = N-1?  

 
2

2

1

X X
s

n







 

 Simple reason: Because scientists have researched and found that n-1 gives the most accurate 
answer for  s2 

 There is no other answer. This is the best answer I’ve found on the internet.  
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FORMULAS 

X ~ t  (μ, s2) 

Probability Density Function 
(PDF) 

*Not shown here because too complex and not useful 

Cumulative Distribution 
Function (CDF) 

*Not shown here because too complex and not useful 

Expectation / Mean 

 
X

E X
N

 


 

Variance 

 
 

2

2

1

X X
Var X s

n


 




 

Properties  t distribution comes about because it is sampled from a 
population that has a Normal Distribution.  

 That’s why it looks like the Normal Distribution, but has 
heavier tails.  

 This means that its more prone to produce values far from 
the mean (since the sample size is small). 

t Distribution  If X ~ t (μ, s2) then Z ~ N (0,1) 

 
/

X
t

s n
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T TABLE 
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EXAMPLES & APPLICATIONS 

 t-distribution mainly used for  

o Hypothesis Testing (kindly refer to Ang (2019b) for examples) 

o Confidence Intervals (kindly refer to Ang (2019d) for examples) 
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D. TRIANGULAR DISTRIBUTION 

HOW IT LOOKS LIKE 

 

Figure 17: Triangular distribution – Probability Density Function (PDF)  

 

Figure 18: Triangular distribution – Cumulative Distribution Function (CDF)  
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FORMULAS 

X ~ Exp (λ) 

Probability Density Function 
(PDF) 

 

Cumulative Distribution 
Function (CDF) 

 

Expectation / Mean 

 

Variance 

 

 

APPLICATIONS 

 Often used in business decision making, particularly in simulations.  

 When not much is known about the distribution of an outcome (say, only its smallest and 

largest values), it is possible to use the uniform distribution.  

 But if the most likely outcome is also known, then the outcome can be simulated by a 

triangular distribution.  
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E. EXPONENTIAL DISTRIBUTION 

(Cousin of Geometric) 

HOW IT LOOKS LIKE 

 

Figure 19: Exponential distribution – Probability Density Function (PDF)  

 

Figure 20: Exponential distribution – Cumulative Distribution Function (CDF)  
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Where: 

 λ: Rate (arrival, departure, rate of failure..etc) 

 How to read the graph:  

o Take for example X: lifetime of a bulb in months.  

o If given that the mean lifetime of a bulb is 1 month, i.e.  
1

1E X


   

o That means that the mean rate of spoilage is λ = 1 bulb spoil per month.  

o Looking at the PDF curve where λ = 1, presume we are interested to find out 
the probability that a lightbulb will survive between 0 to 1 month  

o i.e. P (0 ≤ X ≤ 1) 

o Then CDF    1
1 0.632F X e


     Which means that area under the 

PDF curve is = P (0 ≤ X ≤ 1) = 0.632. (which means high chance the lightbulb 
will survive between 0 – 1 month). 

o Try to visualize: As X progresses from the 0th day to the end of 1 month… the 
PDF curve slopes more and more steeply….. 

o In reality, this means that as the bulb is switched on from day 0…. The area 
under the curve represents its livelihood… and the longer the time, the faster it 
deteriorates…but right at the beginning, its got the highest chance of survival. 

o This is similar to the Geometric Distribution… where the chance of success is 
very high in the beginning. 
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FORMULAS 

X ~ Exp (λ) 

Probability Density Function 
(PDF) 

  xP X e    

Where: 

 λ: Rate (arrival, departure, rate of failure..etc) 

 x: Lifetime (or time of survival)… where x could be 
seconds, minutes, days etc… 

Cumulative Distribution 
Function (CDF) 

  1 xF X e    

Expectation / Mean 
 

1
E X


  

 

MEMORYLESS PROPERTY 

 

 



www.AlvinAng.sg

54 | P A G E  

COPYRIGHTED BY DR ALVIN ANG 

WWW.ALVINANG.SG 

EXAMPLES 

Question: 

 An electric bulb has a mean lifetime of 3 years.  

 Assume that the lifetime of a bulb is exponentially distributed. 

o A) Find the probability that a bulb lasts more than 10 years 

o B) Find the probability that at least one out of 20 bulbs will last more than 10 years. 

 

 

Solution: 

 

 Let X = lifetime of bulb. 

 Since  
1

3E X


  years 

 Then 
1

3
   (the rate of spoilage…. 1/3 (or 30%) of a lightbulb will spoil per year) 

 Then, the pdf will be:  
1

3
1

3
f X e



  

 A)  
1

3

10

1
10 0.03567

3
P X e dx




    

 

 B) Let Y = no. of bulbs that last more than 10 years 

 Y ~ B (n = 20, p = 0.03567) 

 

   

   

 

0 2020

0

20

1 1 0

1 0.03567 1 0.03567

1 0.96433

0.8164

P X p X

C

   

  

 



 

 

APPLICATIONS 

 Time between arrivals of taxis 

 Lifespan of lightbulb 
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F. CHI SQUARE DISTRIBUTION 

HOW IT LOOKS LIKE 

 

Figure 21: Chi Square distribution – Probability Density Function (PDF)  

 

 

Figure 22: Chi Square distribution – Cumulative Distribution Function (CDF)  

Where k: degrees of freedom 
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FORMULAS  

X ~ χ2 (k) 

Probability Density 
Function (PDF) 

 Not important… 

Cumulative Distribution 
Function (CDF) 

 Not important… 

Expectation / Mean  E X k  

Pearson’s Chi Square 
Test 

 
2

2

1

n
i i

i i

O E

E





  

Where:  

 
2 : Pearson’s test statistic, a number on the X-axis on the 

2 table  

 

 
iO : Observed Value of i 

 
iE : Expected Value of i 

 i: number of observations 

 

APPLICATIONS 

How to use the Chi Square in real life? 
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 Answer: It is used in the “goodness-of-fit” test. (which involves hypothesis testing) 

 

 “Goodness of Fit” is to test whether or not a hypothesized distribution fits the real life 
distribution.  

 In other words,  

o Step 1: Use the Pearson’s Chi Square Test to get 
2  

o Step 2: Use 
2 and k to refer to Chi Square table to get the p-value (a 

probability) 

o Step 3: Compare the p-value against α (5%? 1%?) like in all other hypothesis test 
to check whether or not 

 H0: Accept Goodness of Fit (the data really fits the distribution)  p-
value > α 

 Or 

 H1: Reject Goodness of Fit (the data does not fit the distribution)  p-
value < α 
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2  TABLE 
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EXAMPLE 

Question: 

 In a MCQ test, there are four options A, B, C, D. 

 Does a uniform distribution really fit the actual test results? 

 That is,  

Option  Expected Probability Actual Probability 

A 25% 20% 

B 25% 20% 

C 25% 25% 

D 25% 35% 

  

 Let α = 5% 

 

Answer: 

 
 

2

2

1

n
i i

i i

O E

E





  

 
       

2 2 2 2

2
20 25 25 25 25 25 35 25

25 25 25 25


   
    =6 

 Refer to 
2 table (

2  = 6, k = 4-1 = 3)  p-value = P (
2 ≥6) ≥0.1 

 k = df = Degree of Freedom 

 How do we know that df is 3? Because we have 4 options: A, B, C, D.  
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 Since we know the total probability = 100%, if we know the probability of 3 options, we will 

definitely know the probability of the last one.  

 Example: Since P(A) = P(B) = P (C) = 25%, we sure know that the P(D) = 25%.  

 That is why we have Degree of Freedom = 3. 

 Since p-value (0.1) > α (0.05)  Accept H0 

 

 This means that Actual Probability is indeed Uniform Distribution.  Goodness of Fit Test 

Passed.  
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G. F DISTRIBUTION 

HOW IT LOOKS LIKE 

 

Figure 23: F distribution – Probability Density Function (PDF)  

 

Figure 24: F distribution – Cumulative Distribution Function (CDF)  

Where k: degrees of freedom 
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FORMULAS  

 

Probability Density 
Function (PDF) 

 Complex and unimportant 

Cumulative Distribution 
Function (CDF) 

 Complex and unimportant 

Expectation / Mean  Unimportant 
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F DISTRIBUTION TABLES  
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APPLICATIONS & EXAMPLES 

There are 3 broad areas for the use of F distribution: 

1. ANOVA (refer to Ang (2019a)) 

2. Multiple Regression (MR) (refer to Ang (2019c)) 

a. Global F Test 

b. Individual Testing 

3. Using F Test to Determine Equal or Unequal Variances (for 2 sample t-test) (refer to Ang 
(2019b)) 
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PART IV  

 HOW POISSON IS USED TO APPROXIMATE BINOMIAL  

HOW TO APPROXIMATE 

 Since for Binomial  X ~ B(n, p) 

 Since for Poisson  X ~ Poisson (μ) 

 If n ≥ 50 & p ≤ 0.05,  

o Then μ = np 

 Then X from Binomial becomes Poisson…. 

 

EXAMPLE 

Question:  

 On average, 1% of passengers who book seats on a certain flight do not turn up for the 
departure of the flight. 

 The airline sells 200 tickets for this flight.  

 Only 198 seats are available.  

 Find an approximate probability for all (who turn up) to have a seat. 

Answer: 

 X ~ B(200, 0.01) 

 Since p is small (≤0.05) and n is large (≥50), this may be approximated by a Poisson 
distribution with mean μ = (200) x (0.01) = 2. 

 Everyone who turns up will get a seat if at least 2 people fail to turn up.  

 Since X ~ Poisson (2),  
22

!

x e
P x

x



  

 Therefore, the required probability is: 

     
2 2

2 1 0 1

1 2

0.594

P X P X P X

e e 
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PART V 

THE POISSON PROCES S 
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EXAMPLE 

Question: 

 The arrival of incoming telephone calls at an insurance office during office hours may be 

modelled by a Poisson process.  

 On average, 12 calls arrive per hour. 

 Write down the distribution, including the values of any parameters, of the number of calls 

received between 10.00 am and 10.15 am.  

 Find the probability that exactly two calls are received between 10.00 am and 10.15 am. 

 

Answer:  

 X ~ Poisson (μ= λt = (12)(1/4) = 3) 

 The required probability =  
3 23

2 0.224
2!

e
P X
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